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The Borel Summation Method is applied to obtain a first order formula for the bound states

for the potential V (r)= F/r* + G/r + H/(r + 2°).
numerical results given by Znojil.

1. Introduction

The modified Coulomb potential
V(ry=F/r*+ G/r+ H/(r+z% .

represents a simple model of Coulomb screening
and hence 1s of some interest in atomic and molecu-
lar physics. Recently Znojil [1] discussed this poten-
tial and related it to the case of the anharmonic
oscillator problem of the type [2]

V(x)=x>+ /2 x/(1+ g x7).

But this approach does not give any direct formula
for the energy eigenvalues. He also discussed the
solution in the framework of continued fractions,
which can be used to find the bound states numeri-
cally.

In this note we show that an exact first order
perturbation formula exists for this potential which
for small H accurately reproduces the eigenvalues
obtained by numerical methods. This formula is ob-
tained by using Borel's summation method after
Popov et al. [3].

2. Schrodinger Equation and Perturbation Method

The Schrodinger equation with the potential
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For small H our formula reproduces the

(we use the units m=h=c¢=1). Equation (1) can
be put in the form
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LIL+1)=I1(+1)+F. 3)

Treating the term H/(r+:%) as the perturbation
term. the unperturbed equation reduces to
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which is the eigenvalue equation for the Hydrogen
atom in a Coulomb potential (see for example
Fligge [4]).

The eigenfunctions for (4) are given by
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where 7,=0.1.2..... and L;**"(x) are associated
Laguerre polynomials [5].
Hence the eigenvalues for (2) are given by (to the
first order perturbation)
G- H
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In order to compare our results with those of Znojil
we take

0340-4811 / 84 / 0200-0142 $ 01.3 0/0. — Please order a reprint rather than making your own copy.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fiir Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fiir Naturforschung in cooperation with the Max Planck Society for the

DO

) Wissenschaften e.V. digitalisiert und unter folgender Lizenz veréffentlicht: Advancement of Science under a Creative Commons Attribution-NoDerivs
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland 3.0 Germany License.
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.



R. K. Roy Choudhury and Barnana Ghosh - The Borel Summation Method 143

Then (3) gives L(L+1)=1/(/+1)—3/16. Now
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where [5] ¢ takes on all integral values larger than
n.—n— 2 and smaller than n, + 1.

For n,=0 and n,=1. (8) gives the following two
equations:
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Summation over n in (9) and (10) can be done by
the method of Borel after Popov etal. [3]. For the
sake of completeness we quote the result.
Let f/(z) be a function represented by an asymp-
totic series
P &
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If the asymptotic representation of ay is of the form
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Using these formulas we obtain from (9) and (10).
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Table 1. Bound state energies for different values of G
and H = 0.005 (/= 0).

G E, E,*
—0.0524404 —0.0099846 —0.01
—0.0279575 —0.0024830 —0.0025
—0.1540186 —0.00999 —0.01
—0.0794035 —0.00249 —0.0025
—0.01984185 - 0.00009 —0.0001
—0.2539023 —0.00910 = 0.01
—0.1291448 —0.00250 —0.0025
—0.02953019 —0.0001 —0.0001

* Denotes the values given by Znojil. Also for H=10.5

(note a misprint in Table I of [1]) and G = — 0.3618325 our

first order formula reproduces the numerical results given

by Znojil. This is not surprising because the Borel summa-

tion method in fact solves the integration problem exactly.

This 1s shown in the Appendix w{)ere we obtain a
" — DX

dx and com-

recurrence relation for the integral | -
pare it with our formula. o 1+

In deriving (15) and (16) we have used F (x.1./)
=0 (f.x". I'(f.x") being the incomplete
Gamma function [5].

Equations (15) and (16) together with (6) give the
energy eigenvalues for 7, =0 and n,= 1. respective-
ly. We have calculated the eigenvalues numerically
for some specific values of G and H in order to
compare our results with those obtained by Znojil,
using the accurate numerical results given by Bessis
and Bessis [2] for the potential V(x)=x>+
. X*/(14 ¢ v?). The values are shown in Table 1.

3. Conclusion and discussion

We have obtained an exact first order formula for
the bound states for the potential

V(ry=F/iI*+ G/r+ H/(r + %) .

For small H compared with G. this reproduces the
numerical results quoted by Znojil. The Borel sum-
mation method 1s proved to be very convenient in
the investigation of this type of modified Coulomb
potentials.
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4. Appendix

The crucial integrals in evaluating the rhs of (6)
are of the following type
L Lk ,—bhx
Cxte
I, =| ——dx.
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When & = 0. this can be expressed in terms of an
exponential function.
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Now /, can be written as
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The last but one step was obtained using formula
S.1.27 on p. 230 of [6]. Compare this with similar
recurrence relations obtained by Bessis and Bessis in
(2]
Now the Borel summation method, as described
in Il of the text, gives the following formula for /;:
Li=etF(k+1)Ir(—k.b). (Ad)
For k=0:
1(;:ehE;(h) = (AS)
which is identical with (A2). In deriving (AS5) we
have used formula 5. 1.45 of [6].
Now using the recurrence relation for the incom-
plete gamma function. viz.
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(see p. 262. [6]). it can be shown easily from (A4)
that
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which is identical with (A 3).
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